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A methodis presentedfor usingtruncated,maximallylocalizedWannierfunctionsto introducesparsity
into the Slaterdeterminantpart of the trial wave function in quantumMonte Carlo calculations.When
combinedwith an efÞcientnumericalevaluation of theselocalized orbitals, the dominantcost in the
calculation,namely, the evaluation of the Slater determinant,scaleslinearly with systemsize. This
techniqueis applied to accuratetotal energy calculationof hydrogenatedsilicon clustersand carbon
fullerenescontaining20Ð1000valenceelectrons.
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Over the past two decades,considerableprogresshas
beenmadeusing quantumMonte Carlo (QMC) methods
to calculatethe electronicstructureof realistic materials
[1]. QMC hastwo majorstrengths,Þrsta favorablyÒsoftÓ
scaling,wherethe cost to calculatethe energy per atom
scalesas N3, where N is the numberof electrons,and,
second,very high accuracy. MeanÞeldmethodssuchas
Hartree-Fockanddensityfunctionaltheory possessasimi-
lar N3 scaling,but may lack thedesiredlevel of accuracy.
On theotherhand,quantumchemistry approachessuchas
conÞgurationinteractionor coupledclustermayachieve a
high accuracy, but typically scaleasN5 7.

Despitea numberof algorithmic developments[2Ð7],
QMC calculationsfor realisticsystemshave typically been
limited to a few tensof atoms.This limitation arisesfrom
the N3 scalinganda larger prefactorthanpresentin con-
ventionalmeanÞeldcalculations.Thetime,T, requiredto
evaluatethe energy of a conÞgurationof electronsin the
QMC algorithmcanbe decomposedas

T ! a N2 1 b N3. (1)

TheN2 termsincludeevaluatingtheelectron-electronand
electron-ioninteractionsandcalculatingthetwo-bodyJas-
trow function. The N3 termsincludea term with a small
prefactorfor updatingthe value of the determinantafter
moving all the electronsanda termwith a large prefactor
for the calculationof the elementsof the Slaterdetermi-
nant associatedwith a given conÞgurationof electronic
coordinates.Thedominantcostof this Slaterdeterminant
evaluationis the focusin this paper.

Thecostof evaluatingtheSlaterdeterminantarisesfrom
the requirementto evaluateN orbitals for eachof the N
electrons.Eachorbital evaluationscalesasthenumberof
basisfunctions.If theorbitalsareexpandedin anextended
basissuchasplanewaves,thenthenumberof basisfunc-
tions is proportional to N [8] yielding the N3 scaling. If
theorbitalsareexpandedin alocalizedbasissuchasGaus-
sians,then,in principle,thesizeof thebasisis Þxedbeyond
a given systemsizeandthe Slaterdeterminantevaluation
would scaleasN2. However, for thesystemsizesstudied
until now, the N3 term hasremained.

In this Letter we present, for the Þrst time to our
knowledge, QMC scalings that are practically linear
in the number of electronsover a wide range of sizes
(20Ð1000valenceelectrons).We form QMC wave func-
tions with signiÞcantsparsity in the Slater determinant
by choosing single particle orbitals derived from the
maximally localizedWannierfunctionconstruction[9]. A
combinationof a real spacetruncationof thesefunctions
anda representationin a numericalbasisthat is indepen-
dent of systemsize resultsin an improvementin scaling
from N3 to N. Wedemonstratethis linearscalingfor large
hydrogenatedsilicon clustersand carbonfullerenes. Our
resultsshow that it is now feasiblefor QMC to routinely
studysystemscontainingup to 1000electrons.

The introductionof sparsityinto theSlaterdeterminant
part of thewave functionis similar in conceptto theintro-
ductionof sparsityinto the overlapmatrix of the Lšwdin
states in linear scaling density functional approaches
[10,11]. However, the application of linear scaling to
the QMC formalism is not fraught with the sametech-
nical difÞcultiesthat have plaguedlinear scalingdensity
functionalapproaches.First, in QMC the Hamiltonianis
not constructedfrom a self-consistentcharge density; it
is Þxed. Therefore,when the orbitals are truncated,this
doesnot affect the conservation of charge and introduce
noise into the Hamiltonian. Second, the requirement
to invert the overlap matrix in linear scaling density
functionalcalculationsimposesa large prefactoron these
methods,suchthat thecrossover point with traditionalN3

scalingtechniquesoccursaround1000atoms.In our lin-
earscalingQMC approach,theprefactoris thesameasfor
the traditional N3 implementations,and so the beneÞtis
immediate.

Our QMC calculations were performed using the
CASINO code [12], in which we adopt the standard
Slater-Jastrow trial wave function [1Ð5],

C ! D"D#exp

"
NX

i
x !r i " 2

NX

i , j
u!r ij "

#

, (2)

whereD representsa Slaterdeterminant,r i and r ij cor-
respondto electronpositionsand separations,N is the
numberof electrons,x is a one-bodyfunction,andu is a
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FIG. 2. CPU time on a 667 MHz EV67 alpha processorto
move a configurationof electronswithin DMC for SiH4, Si5H12,
Si35H36, Si87H76, Si123H100, Si211H140, C20, C36, C60, C80, and
C180.

functions in a planewave basisscalesas approximately
N3. Theexactscalingis determinedby thevolumeof the
supercellchosenfor eachsystem.Thecomputationalcost
of theGaussianbasisalsoscalesasN3, but with a smaller
prefactorasthenumberof basisfunctionsperatomis much
smaller. The calculationsusingthe truncatedMLW func-
tions demonstratethat the CPU time requiredto move a
singleconfigurationof electronsscalesapproximatelylin-
early with the numberof electrons.The deviations from
linearity in the hydrogenatedsilicon clusterMLW curves
are mainly due to differing ratios of hydrogento silicon
atoms; for the carbonfullerenes,they are due to differ-
ent strainin the clustersrequiringslightly different cutoff
radii for the MLW functions. For the systemswe com-
pared(SiH4 andSi5H12), the DMC energies for all three
basissetsagreedwithin 0.001hartreeper atomstatistical
error bars.

Oncethe costof evaluatingthe Slaterdeterminanthas
beenreducedto linearscaling,it is interestingto askhow
large a systemonecanstudybeforeotherparts of the al-
gorithmwill begin to dominateandthe linearscalingwill
belost. For theSi211H140 system(984electrons),approxi-
mately10%of thecalculationinvolvestheremainingparts
of the algorithmthat scaleasN2 andN3. With relatively
minor algorithmic improvements,the costof theseterms
couldbedramaticallyreduced,extendingthelinearregime
to several thousandelectrons. In particular, we envisage
(i) theelectron-ioninteractioncouldberewritten with the
sumover ionsprecomputedsothelocalpart scaleslinearly.
The nonlocalcontribution alreadyscaleslinearly due to
thecutoff in therangeof theinteraction.(ii) Theelectron-
electroninteractioncouldberewritten to scalelinearly by
writing it asa sumof short- andlong-rangedpieces[1,7],
or usingGreengard’smultipoleexpansion[20]. (iii) To up-
datethe Slaterdeterminant,we adoptthe N3 scalingpro-
cedurebasedon storingtheinverseof thetransposeof the
matrix from Ref. [21]. Our introductionof sparsityinto

theSlaterdeterminantallows usto significantlyreducethe
prefactorfor this N3 term. In larger systemswhere the
determinantis increasinglysparse,it shouldbe possible
to reformulatethedeterminantupdateprocedureto utilize
this sparsityandobtaina bettersizescaling.

Note,the discussionthusfar involvesthescalingof the
computationalcost of moving a single configuration of
electrons. In practice,one calculateseither (i) the total
energy of the system,or (ii) the energy per atom, with a
given statisticalerror. The statisticalerror, d, is related
to thenumberof uncorrelatedmoves,M, by d ! s !

p
M,

where s 2 is the intrinsic varianceof the system. Typi-
cally, the valueof s 2 increaseslinearly with systemsize.
Therefore,to calculatethe total energy with a fixed d, the
numberof moves,M, mustalso increaselinearly. When
multiplied by our linear increasein thecostof eachmove,
an N2 size scalingis obtained. For quantitiesper atom,
such as the binding energy of a bulk solid, s 2 still in-
creaseslinearly with systemsize,but d is decreasedby a
factorof N, and,hence,thenumberof requiredmoves,M,
actuallydecreaseslinearlywith systemsize.Thereforethe
costof calculatingenergiesper atom is now independent
of systemsize.

To illustratetherangeof systemsthat cannow feasibly
be studiedwithin QMC using truncatedMLW functions
in the Slaterdeterminant,we have calculatedtotal ener-
giesof a seriesof carbonfullerenes.In Fig. 3 we plot the
binding energy per atom of C20, C36, C60, C80, and C180
fullerenes.Line (a) shows thebindingenergiescalculated
usingLDA; line (b) shows the binding energy calculated
within fixed nodeDMC. TheLDA calculationswereper-
formedat theG point of theBrillouin zone,usinga cutoff
of 40 Ry. The samepseudopotentialswere usedin the
LDA andDMC calculations.Six pointswereusedin the
QMC angularintegrationfor thenonlocalpseudopotential.
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FIG. 3. Binding energy per atom (a) within LDA, and
(b) within DMC of carbon fullerenes. DMC statistical error
bars are smaller than the symbols. For comparison, we
have added 0.18eV zero point energy to the bulk graphite
experimentalbinding energy [22].
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FIG. 2. CPU time on a 667 MHz EV67 alpha processor to
move a configuration of electrons within DMC for SiH4, Si5H12,
Si35H36, Si87H76, Si123H100, Si211H140, C20, C36, C60, C80, and
C180.

functions in a plane wave basis scales as approximately
N3. The exact scaling is determined by the volume of the
supercell chosen for each system. The computational cost
of the Gaussian basis also scales as N3, but with a smaller
prefactor as the number of basis functions per atom is much
smaller. The calculations using the truncated MLW func-
tions demonstrate that the CPU time required to move a
single configuration of electrons scales approximately lin-
early with the number of electrons. The deviations from
linearity in the hydrogenated silicon cluster MLW curves
are mainly due to differing ratios of hydrogen to silicon
atoms; for the carbon fullerenes, they are due to differ-
ent strain in the clusters requiring slightly different cutoff
radii for the MLW functions. For the systems we com-
pared (SiH4 and Si5H12), the DMC energies for all three
basis sets agreed within 0.001 hartree per atom statistical
error bars.

Once the cost of evaluating the Slater determinant has
been reduced to linear scaling, it is interesting to ask how
large a system one can study before other parts of the al-
gorithm will begin to dominate and the linear scaling will
be lost. For the Si211H140 system (984 electrons), approxi-
mately 10% of the calculation involves the remaining parts
of the algorithm that scale as N2 and N3. With relatively
minor algorithmic improvements, the cost of these terms
could be dramatically reduced, extending the linear regime
to several thousand electrons. In particular, we envisage
(i) the electron-ion interaction could be rewritten with the
sum over ions precomputed so the local part scales linearly.
The nonlocal contribution already scales linearly due to
the cutoff in the range of the interaction. (ii) The electron-
electron interaction could be rewritten to scale linearly by
writing it as a sum of short- and long-ranged pieces [1,7],
or using Greengard’s multipole expansion [20]. (iii) To up-
date the Slater determinant, we adopt the N3 scaling pro-
cedure based on storing the inverse of the transpose of the
matrix from Ref. [21]. Our introduction of sparsity into

the Slater determinant allows us to significantly reduce the
prefactor for this N3 term. In larger systems where the
determinant is increasingly sparse, it should be possible
to reformulate the determinant update procedure to utilize
this sparsity and obtain a better size scaling.

Note, the discussion thus far involves the scaling of the
computational cost of moving a single configuration of
electrons. In practice, one calculates either (i) the total
energy of the system, or (ii) the energy per atom, with a
given statistical error. The statistical error, d , is related
to the number of uncorrelated moves, M , by d ! s !

p
M ,

where s 2 is the intrinsic variance of the system. Typi-
cally, the value of s 2 increases linearly with system size.
Therefore, to calculate the total energy with a fixed d , the
number of moves, M , must also increase linearly. When
multiplied by our linear increase in the cost of each move,
an N2 size scaling is obtained. For quantities per atom,
such as the binding energy of a bulk solid, s 2 still in-
creases linearly with system size, but d is decreased by a
factor of N , and, hence, the number of required moves, M ,
actually decreases linearly with system size. Therefore the
cost of calculating energies per atom is now independent
of system size.

To illustrate the range of systems that can now feasibly
be studied within QMC using truncated MLW functions
in the Slater determinant, we have calculated total ener-
gies of a series of carbon fullerenes. In Fig. 3 we plot the
binding energy per atom of C20, C36, C60, C80, and C180
fullerenes. Line (a) shows the binding energies calculated
using LDA; line (b) shows the binding energy calculated
within fixed node DMC. The LDA calculations were per-
formed at the G point of the Brillouin zone, using a cutoff
of 40 Ry. The same pseudopotentials were used in the
LDA and DMC calculations. Six points were used in the
QMC angular integration for the nonlocal pseudopotential.
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FIG. 3. Binding energy per atom (a) within LDA, and
(b) within DMC of carbon fullerenes. DMC statistical error
bars are smaller than the symbols. For comparison, we
have added 0.18 eV zero point energy to the bulk graphite
experimental binding energy [22].
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Dif fu sion Monte Car lo

f (R, t + ! ) =

∫
G̃(R, R′; ! )f (R′, t)dR

branchingdrif t - dif fu sion

from a uniform distribution on the interval ! 0,1". From
the expression for P it is clear that in regions of high
potential energy the walkers disappear,while in regions
of low potential energy they proliferate. The branching
algorithm therefore transforms the weight accumulation
in the low-energy regions into an increasein the density
of walkers there.

The energy offset E T , which determines the overall
asymptotic renormalization [see Eq. (3.27)], is used to
control the total population of walkers. During the
propagation E T is occasionallyadjusted so that the over-
all number of walkers ßuctuatesaround a desired mean
value. Typical mean values of the number of walkers
used in simulations are between 102 and 103. Figure 2
illustrates this DMC algorithm for the caseof a single
particle moving in a one-dimensional potential well.

So far we have assumedthat the wave function is posi-
tive everywhere. However, the fermion antisymmetry
implies that many-fermion wave functions cannot be
positive everywhere and must take both positive and
negative values. Unfortunately, probabilistic methods
such as DMC can handle only positive distributions. A
straightforward generalization of the DMC algorithm,
suchasan assignmentof sign variables to walkers, while
formally correct, leads to the fermion sign problem and
an exponentially decaying signal-to-noise ratio. More
elaborate algorithms with walker signs have been suc-

cessfully applied to small molecules,but practical appli-
cations are restricted to few-electron systems(Diedrich
and Anderson, 1992). Nevertheless, for small enough
systems,very impressiveresults have been obtained. For
example, the energy surface for the reaction H2! H has
been evaluated at a few thousand points with an aston-
ishing accuracyof 0.01kcal/mol (Wu, Kuppermann, and
Anderson, 1999), improving existing results by an order
of magnitude. The investigation of approximation-free
algorithms for fermions is a very active area of current
research,but deeper analysisis outside the scopeof this
review; we refer the reader to the literature (Hammond,
Lester, and Reynolds, 1994;Kalos and Pederiva, 1999).

2. The fixed-node approximation

Fixed-node DMC (Anderson, 1975,1976;Moskowitz
et al., 1982; Reynolds et al., 1982) is an alternative
method for dealing with the fermion antisymmetry. Al-
though not exact, it givesground-state energiesthat sat-
isfy a variational principle and are usually very accurate.
Furthermore, unlike the exact methods describedabove,
the Þxed-nodealgorithm is stable in large systems.The
Þxed-nodeapproximation is therefore used in almost all
current large-scale applications of DMC. The version
describedhere assumesthat the ground-state wave func-
tion is real and hence works only in systemswith time-
reversal symmetry (i.e., a real Hamiltonian). There is,
however, a successfulgeneralization known asthe Þxed-
phase approximation (Ortiz, Ceperley, and Martin,
1993) for use in systemswithout time-reversal symme-
try. This is particularly useful for studying interacting
electrons in an applied magnetic Þeld or stateswith non-
zero angular momentum.

The basicidea behind Þxed-nodeDMC is very simple.
A trial many-electron wave function is chosenand used
to deÞnea trial many-electron nodal surface.In a three-
dimensional system containing N electrons, the many-
electron trial state is a function of 3N variables (the x,
y, and z coordinates of each electron) and the trial
nodal surface is the (3N" 1) -dimensional surface on
which that function is zero and acrosswhich it changes
sign. The Þxed-nodeDMC algorithm then produces the
lowest-energy many-electron state with the given nodal
surface.Fixed-node DMC may therefore be regarded as
a variational method that gives exact results if the trial
nodal surface is exact. It differs from VMC, however, in
that no assumptionsare made about the functional form
of the state between the nodes.

a. One-electron example

The Þxed-node approximation is best introduced by
meansof a simple example. Figure 3 illustrates the stan-
dard DMC algorithm for the caseof a particle in a box.
Walkers initially distributed according to the starting
state (the broken line) diffuse randomly until they cross
one of the box walls, at which point they are removed
from the simulation. This boundary condition follows
from Eq. (3.35), which showsthat the reweighting factor
P is zero where the potential is inÞnite.

FIG. 2. Illustration of the walker evolution in the diffusion
Monte Carlo (DMC) method. The example shows a one-
dimensional problem in which a single particle is conÞnedby a
potential well V (x) . The initial walker distribution samplesa
uniform # init . A s the imaginary-time propagation proceeds,
the distribution convergestowards the ground state # 0 . Note
the occasionaldisappearanceof walkers in the region of high
potential energy and the proliferation around the potential
minimum.
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Dif fu sion Monte Car lo

details of the sim ulat ion:
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Dif fu sion Monte Car lo

results:
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Eliminat ing the p opulat ion contr ol bias

energy vs. cor rect ion t ime
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Forward walking

a walker dr awn fr om the m ixed distr ibut ion at t ime t  c ontr ibutes t o 
the pu re est imate the v alue of V of h is ancest or a t t ime t -T
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Forward walking

Fw(T) fr act ion of wa lkers with de scendants a f t er t ime T
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Conclusions 

for l arge systems and/or p oor tr ial 
 fu nct ions branching becomes problemat ic

PIMC scale in a c ontr olled way;

for c ondensed helium the DMC/PIMC
efÞciency cr ossover is a t siz es of p ract ical in t erest

PIMC does not r ely heavily on
the qua lity of the tr ial fu nct ion

as a Metr opolis algor ithm i t c an 
always be improved intr oducing bet t er moves
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Reptat ion

! e! ! [E L (R i )+ E L (R i ! 1) ]/ 2

π̃! (X) = Ψ2(R0)
!

i

e! [R i ! R i ! 1 ! "v(R i ! 1 )]2 / 2"sample



Reptat ion

X

accept w ith p robability  p = min{ 1, e! ε(Ehead

L ! E
tail

L ) }

e! [R P +1! R P ! ! v(R P ) ]2/ 2!move with p robability 
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Reptat ion
with sin gle-par t icle moves
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