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Parameters to optimizep = f � ; c; � ; � g: Jastrow parameters � ,

CSF coe�cients c , orbital coe�cients � and basis exponents �
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Important for both VMC and DMC in order to

reduce the systematic error

reduce the statistical uncertainty

How to optimize?

Until recently: minimization of the variance of the energy

OK for the few Jastrow parameters

but does not work well for the many CSF and orbital
parameters

Since recently:minimization of the energy (+ possibly a small
fraction of variance)

in order to optimize well all the parameters

and because the energy is a better criterion
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Reparametrization of orbital coe�cients� ! � (used in MCSCF)
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Wave function parametrization

Reparametrization of orbital coe�cients� ! � (used in MCSCF)

j	( p)i = Ĵ(� ) e�̂ ( � )
NCSFX

i =1

ci jCi i

where�̂ (� ) is the generator ofrotations in orbital space
(occupied and virtual):

�̂ (� ) =
X

k< l

� kl

�
Êk! l � Êl ! k

�

and Êk! l = ây
k" âl " + ây

k#âl # is the singlet excitation operator.

Some points to note

non-redundant parametrization

orthonormalization of orbitals preserved if basis exponents are
not varied

can be generalized if basis exponents are varied
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g

H � � p = E S � � p

Perturbative method (Scemama & Filippi)

approximate resolution ofH � � p = E S � � p by
nonorthogonal perturbation theory
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Update of the parameters: p 0 ! p0 + � p.
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� E = E0 � Elin > 0 is the energy stabilization.

=) more robust than Newton method

In quantum chemistry, it is known as super-CI method or
augmented Hessian method.

Additional stabilization: Hij ! Hij + a� ij wherea � 0.



Linear optimization method: on a �nite VMC sample
The generalized eigenvalue equation is estimated as
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=) Zero-variance principle of Nightingaleet al. (PRL 2001):

If there are some �p so that 	 0(R) +
P

j � pj 	 j (R) = 	 exact(R)

then � p are found withzero variance.

In practice, these non-symmetric estimators reduce the 
uctuations
on � p by 1 or 2 orders of magnitude.
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Simultaneous optimization of all parameters in VMC

Optimization of 24 Jastrow, 49 CSF, 64 orbital and 12 exponent
parameters for the C2 molecule:
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=) The energy converges with an accuracy of 1 mhartree in
about 4 or 5 iterations



Systematic improvement in QMC

For C2 molecule: total energies for aseries of fully optimized
Jastrow-Slater wave functions :
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=) Systematic improvement in VMC and DMC!
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Well depths of second-row homonuclear diatomic molecules

VMC and DMC errors in well depths for somefully optimized
Jastrow-Slater wave functions :
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Calculation of pair densities

Spherically and system-averaged pair density = intracule density

I (u) =
X

i < j

Z
d
 u

4�

Z
dR 	( R)2 � (rij � u)

e.g., gives the Coulombic electron-electron interaction energy:

Wee =
Z 1

0
du4� u2I (u)

1
u

Usefulness

qualitative analysis of electronic structure (Cioslowski, Gill,
Ugalde, etc...)

quantitative predictions beyond usual DFT (Gori-Giorgi,
Perdew, Savin, etc...)



Calculation of intracules in QMC

Usual \histogram" method

I (u) �
X

i < j

Z
d
 u

4�

Z
dR 	( R)2 1[u� � u=2 ; u+� u=2](rij )

� u3

Problems
large statistical uncertainty due to large variance, especially at
small u

systematic error due to approximate 	(R) but also due to
discretization overu



Calculation of an observable in VMC

Local energy

Estimator: EL(R) =
H(R)	( R)

	( R)

Systematic error:� E = O(� 	 2)

Variance: � 2 (EL) = O(� 	 2)

)
Quadratic Zero-Variance
Zero-Bias property
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Local energy

Estimator: EL(R) =
H(R)	( R)

	( R)

Systematic error:� E = O(� 	 2)

Variance: � 2 (EL) = O(� 	 2)

)
Quadratic Zero-Variance
Zero-Bias property

Arbitrary observablêO (which does not commute witĥH)

Estimator: OL(R) =
O(R)	( R)

	( R)
Systematic error:� O = O(� 	)

Variance: � 2 (OL) = O(1)

)
Quadratic Zero-Variance
Zero-Bias property
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Consider the� -dependent Hamiltonian
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with an associated trial wave function
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Ĥ � = Ĥ + � Ô
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Calculation of intracules in QMC
Simplest approximate wave function derivative:

	 0(R) = �
1

4�

X

i < j

Z
d
 u

4�
1

jrij � uj
	( R)

ZVZB improved estimator

I (u) = �
1

2�

X

i < j

Z
d
 u

4�

Z
dR 	( R)2

"
r rj 	( R)

	( R)
�

rij � u
jrij � uj3

+ ( EL(R) � E)
1

jrij � uj

#

(+ possible re�nements)

Advantages

reduction of variance

reduction of systematic error
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Systematic improvement of the intracule

Correlation hole 4� u2[I (u) � IHF (u)] of the C2 molecule in VMC
for a series of wave functions:
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Systematic improvement of the intracule

Correlation hole 4� u2[I (u) � IHF (u)] of the C2 molecule in VMC
for a series of wave functions:
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Conclusions

Summary

E�cient wave function optimization method by energy
minimization in VMC .

Achievement ofsystematic improvement and near
chemical accuracy.

Improved QMC estimators for calculatingpair densities.
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Future work
Direct minimization of the DMC energy.

Geometry optimization.
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